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Candidates may use any calculator allowed by the regulations of the
Joint Council for Qualifications. Calculators must not have the facility
for symbolic algebra manipulation, differentiation and integration, or
have retrievable mathematical formulae stored in them.

Instructions

Use black ink or ball-point pen.

If pencil is used for diagrams/sketches/graphs it must be dark (HB or B).
Coloured pencils and highlighter pens must not be used.

Fill in the boxes at the top of this page with your name,
centre number and candidate number.

Answer all questions and ensure that your answers to parts of questions are
clearly labelled.

Answer the questions in the spaces provided
— there may be more space than you need.

You should show sufficient working to make your methods clear. Answers
without working may not gain full credit.

When a calculator is used, the answer should be given to an appropriate
degree of accuracy.

Information

The total mark for this paper is 75.
The marks for each question are shown in brackets
— use this as a guide as to how much time to spend on each question.

Advice

Read each question carefully before you start to answer it.
Try to answer every question.
Check your answers if you have time at the end.



-2 1 -3
A=|k 1 3 |,wherekisa constant
2 -1 k

Given that the matrix A is singular, find the possible values of .
(Total 4 marks)

The curve C has equation
2

y:%—lnx, 2<x<3.

Find the length of the curve C giving your answer in the form p + In g, where p and ¢ are
rational numbers to be found.

(Total 7 marks)
(a) Prove that
d(arcothx) 1
dx 1-x*
3)
Given that y = (arcoth x)*,
(b) show that
2
(1) S22 K
dx de 1-x
where £ is a constant to be determined.
5)
(Total 8 marks)
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4.

(1) Find, without using a calculator,

T
—— dx
s VI5+2x—x?
giving your answer as a multiple of 7.

(i1) (a) Show that

5 coshx —4 sinh x =
2¢”

(b) Hence, using the substitution u = ¢" or otherwise, find

1 . d
5coshx—4sinh x

e +9

S)

A

C))
(Total 12 marks)

The hyperbola H has equation

2 2

Xy

16 9

The point P (4 sec 8, 3 tan 0), 0 <6 < % lies on H.

(a) Show that an equation of the normal to /H at the point P is

3y + 4x sin 8 =25 tan 6.

The line / is the directrix of H for which x > 0.

The normal to H at P crosses the line / at the point Q. Given that 6 = %,

S))

(b) find the y coordinate of Q, giving your answer in the form a + b\/i , where a and b are

rational numbers to be found.

(6
(Total 11 marks)

P44566A 3
©2016 Pearson Education Ltd.



p -2 0
M=|-2 6 -2]|,

0 -2 ¢
where p and ¢ are constants.
2
Given that | — 2 | is an eigenvector of the matrix M,
1

(a) find the eigenvalue corresponding to this eigenvector,

(&)
(b) find the value of p and the value of ¢.
(&)
Given that 6 is another eigenvalue of M,
(c) find a corresponding eigenvector.
2
1
Given that | 2 | is a third eigenvector of M with eigenvalue 3,
2
(d) find a matrix P and a diagonal matrix D such that
P'MP =D.
(&)
(Total 11 marks)
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7.

Given that

(a) prove that, for n >3
Li—1I,-2= JZcos(n—l)x dx.

©)

(b) Hence, showing each step of your working, find the exact value of

g .
sinSx
dx,

. sinx
12
. : 1 :
giving your answer in the form E(a;r + b3 + c¢), where a, b and ¢ are integers to be

found.
(7
(Total 10 marks)

The plane /7, has equation
x—5y—2z=3.

The plane /7, has equation
r=i+2j+k+A@1+4j+3k)+uRi-j+k),
where 4 and y are scalar parameters.

(a) Show that /7, is perpendicular to /7.
(C))
(b) Find a cartesian equation for /7.

2)

(c) Find an equation for the line of intersection of /7 and /7, giving your answer in the form
(r—a) x b =0, where a and b are constant vectors to be found.

()
(Total 12 marks)

TOTAL FOR PAPER: 75 MARKS
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Question

Number Scheme Notes Marks
1. -2 1 -3
A= k£ 1 3
2 -1 &k
det A = —2(k +3)— (k> — 6) = 3(—k —2) rowl M1: Correct attempt at‘dete.rmi'nant
ore.g (3 ‘elements’ (may be implied if
T I NP one is zero) with at least two
det A =—k(k=3)+(=2k+6)=3(2=2) row2 elements correct). Note that there
det A =2(3+3)+ (=6 +3k) + k(=2 k) row3 are various alternatives MI1Al
detA=-2(k+3)—k(k-3)+23+3) coll depending on the choice of row
det A = —(k% —6) + (=2k + 6) + (=6 + 3k) col?2 Z“lc‘é‘“m“- R —
det A = —3(<2— k) —3(2— 2) + k(-2 — k) col3 p : Correct determinant In any
orm
1 3] |k 3 k :
Note that e.g. det A =-2 - - scores no marks until the
-1 k|l 2 &k 2 -1
determinants are ‘extracted’.
Sets their detA = 0 (= 0 may be
implied) and attempts to solve a 3
~2(k+3)=(k*-6)-3(-k-2)=0=k =... |term quadratic (see general Ml
guidance) as far as k= ... NB
Correct quadratic is k> —k—6=0
(k+2)(k-3)=0=k=-2, 3 Both values correct Al
4

Total 4




Question
Number Scheme Notes Marks
2. 2
yzx——lnx, 2<x<3
Correct derivative. Allow any correct
dy x 1
Z__ 2x 1 B1
equivalent e.g. — ——
8 x
1 + dy x 1 Use of a correct formula using their M1
derivative and not the given y.
= 1+ x_ —— dx
16 16 2 x’
M1: Squares their derlvatlve to obtain ax’ + bx + ¢, where none of a, b Or C are zero
. Y ax* +bx’ + ¢ . ML Al
— this may be implied by e.g. B a— and adds 1 to their constant term.
X
. x 1 . X +4 .
A1l: Correct integrand 2 +—or equivalent e.g. (integral sign not needed)
X
2
= % +In kx Correct integration Al
Substitutes 2 and 3 into an
expression of the form
px* +qlnx (p,q #0)and subtracts
3 the right way round. Must be seen
xZ 32 22 1 . 1 b . 1 d b
Y oilnxl = sm3 |-l sm2 explicitly or may be implied by a M1
8 5 8 8 correct exact answer for their
integration. If the candidate gives
the final single answer in decimals
with no substitution shown, e.g.
1.030...this is MO.
5 3 3
—+In— Cao and cso (oe e.g 0.625+ lnE) Al
@)

Total 7




Question

Scheme Notes Marks
Number
3(a) y =arcothx = coth y = x Changes from arcoth to coth
or c.g. correctly. This may be implied by Bl
u =arcothx = cothu = x e.g. tanhy:;
1 N cosh y
cosh y N dx sinh®y—cosh® y 1 Uses coth y =— N and attempts M1
= —= = sin
sinhy  dy sinh’ y sinh’ y y
product or quotient rule
dx ) 2
3 = —cosech’y =1-coth” y Correct completion with no errors
q . | seen and an intermediate step Al*
Y = * shown.
dx 1-coth®y 1-x’
3
(a) Alternative 2
Changes from arcoth to coth correctly.
= thx = cothy = . . .
YT arcomr= oty =1 This may be implied by e.g. tanh y _1 Bl
X
d dx
—cosechzy—y =1 or —cosech’y =—
dx dy , dy ,  dx
+cosechy—=1or cosech’y=— | M1
dy 1 dy
= ——=-—
dx cosech”y
dy 1 Correct completion with no errors seen
th> y—1= h? —= * . . *
comy cosecht V= 1-x2 and an intermediate step shown. Al
(a) Alternative 3
Changes from arcoth to coth correctly
= thx = cothy = . . .
YT arcomr= oty =4 This may be implied by e.g. tanhy = 1Bl
X
Yl ode (€7 -1)2e7 = (e +1)2e” ,
x=cothy= e+l _ dx_ Expresses cothy in terms of Ml
e -1 dy (eh* - 1)2 exponentials and differentiates
dv  Ae”  dy eV -2V 41 M -2+ (e 2——sinh2 1
dy (e2y _1)2 dx —4e™ —4 2 7 cosech’y
1 1 Al*

*

" 1—coth’y 1-x°
Completes correctly with no errors




(a) Alternative 4

Changes from arcoth to coth correctly

= thx = coth y = . T
Y= arcolir = comy =X This may be implied by e.g. tanh y = 1 Bl
X
e’ +e”  dx (e'v —e’ )2 _(ey +e’ )2 Expresses cothy in terms of
x=cothy=—=—= 5 . . . M1
e’ —e’ dy (ey _ e—y) exponentials and differentiates
dx —4 dy 1
R VI
dy (ey _ev’) dx  cosech’y
d 1 . .
coth? y —1 = cosech®y = v _ _x Correct.complet}on with no errors seen Al*
dx 1-x and an intermediate step shown.
(a) Alternative 5
1 I+x
y=arcothx = Eln T Correct In form for arcoth Bl
Y
dy 1|x-1 X(x—l)—(x—i—l)
dx 2] x+1 (x-1)’
or Attempts to differentiate using the chain
1 n 1+x) 1 | 1 | rule and quotient rule or writes as two Ml
SN Y1) 2 n(1+x) ) n(x-1) logarithms and differentiates.
_dy 1
dx 2(x+1) 2(x—1)
dy 1 . .
o = — Correct completion with no errors seen. Al

1

Note that use of arcothx =

artanhx :11 (l+x)
pIn|

scores no marks

1-x




(a) Alternative 6

Changes from arcoth to coth correctly

y =arcothx = coth y = x This may be implied by e.g. tanh y _1|BI
X
1 1 dy 1 2 dx
tanh y = — = —— =sech’ y— +— = +sech’y— Ml
y X X2 y dx x2 dy
1 1\d d 1 i i
= =[1-— ¥_Y_ i Correct completion with no errors Al
X x")Jdx dx 1-x seen.
(a) Alternative 7
y = arcoth x = artanh [lj Expresses arcoth in terms of artanh Bl
X correctly
Y_ ! x—x
dx - ( 1 )2 Differentiates using the chain rule Ml
X
-1 1 Correct completion with no errors Al*

seen.




(b)

dy

y=(arcothx)” = e 2(arcoth x) x - Correct first derivative Bl
— X
d’y 2 2\7! 2\7?
=——(1-x") +4xarcothxx(l-x
o) (1-)
2 1 MI1A1
&y ) 2(1 x )>< P + 2arcoth x x 2x _ 4xarcothx +2
dx’ (l—xz)2 (1—x2)2
M1: Attempts product or quotient rule on an expression of the form kTCOthx
- X
. 2\2 2\ 2
Product rule requires + P (1 -X ) + Qxarcothx (1 -Xx ) oe
+P + Qxarcothx
Quotient rule requires O >
(1-x')
2
(1 —xz)d—J;—Z d_y _ (1 —xz) 4xarcothx2+2 _2xx(2arcot£1xj
dx dx (1 — 52 ) 1-x
M1
or
2
(l—xz)d—);z 2 > +2x><£d—y
dx> 1-x dx
M1: Substitutes their first and second derivatives into the lhs of the differential equation
or multiplies through by (1 —x?) and replaces 2(arcothx)x gﬁ
2
(1 -X )d— —2x Y__2 > Correct conclusion with no errors Alcso
dx’ dr 1-x
| (5)
(b) Alternative 1
d
y = (arcothx)” = ay =2 (arcoth x)x " Correct first derivative Bl
—X
M1: Multiplies through by 1— x*and
dy
) attempts product rule on (1 -x )— :
(l—xz)%=2arcothx:>(1—x )%—2 jﬁ " d & MiAl
Requires (1 -x’ )—)2} + Px oe
dx dx
Al: Correct differentiation
d(2arcoth x) 2 Differentiates rhs using the result
= M1
dx 1—x? from part (a)
d’y dy 2 . .
(1 -X ) —2x Correct conclusion with no errors Alcso

dc 1-x°




(b) Alternative 2

y =(arcoth x)2 — y* =arcothx = % y? % = 1;2 Correct differentiation Bl
—X
M1: Correct use of product rule to
give
2 2
1 ody 1 s(dy ’ 2x ‘%d_y_ _;(d_yj
— 2 2| 2 = py qy
27 W s [dx] (1-x') &’ dx MIAI
1 od’y 1 (dy) 2
Al:—yz—);——yz(_y) - .
2 a7 ) (1-x)
. ) 2
Then substitute as before to obtain 5 MIl1Alcso

1—-x

Total 8




Question

Scheme Notes Marks
Number
4(i) Correct completion of the square. Allow
15+2x—x> =16—(x—1)’ e.g. 15+ 2x—x" ==| (x=1)' ~16] BI
Allow 4 for 16
J‘ L e = arcsin ( - 1) MI: karcsin(f(x)) VAT
V16— (x-1) Al: Correct integration
-1\] 1
{arcsin (XTH = arcsin | —arcsin 5 Correct use of correct limits M1
3
== Al
3
May see:
Correct completion of the square.
, , Allow e.g.
15+2x—x>=16—(1-x) 15+2x—x2:—[(1—x)2—16] Bl
Allow 4 for 16
1 . (1-x M1: karcsin(f(x))
—————dx =—arcsin MIA1
J16—(1- x)2 4 A1l: Correct integration
1-x\T 1
{— arcsin [Txﬂ = —arcsin (—1)+arcsin [—Ej Correct use of correct limits dM1
3
_Z Al
3
By substitution 1:
Correct completion of the square.
, ) Allow e.g.
15+2x—x* =16 —(x—1) 15+2x—x2=—[(1—x)2—16} Bl
Allow 4 for 16
x—l=4sin9:>j;2dx=-.. ! 24c0s6?d¢9
Ji6-(x-1) J16—(4sin 0)
MI1: A full substitution leading to
= J. do=0 k@ or k xtheir variable MI1A1
Al: Correct integration
[6]: = %—% Correct use of correct limits dM1
V4
= Al
3




By substitution 2:

Correct completion of the square.
Allow e.g.

2 . . 2
15+2x—x* =16 —(x—1) 15+2x—x2=—[(1—x)2—16} Bl
Allow 4? for 16
x-l=u= I ! dx = J. ! du
\/16—(x—1)2 Vi6—u?
M1: karcsin(fi
I;dx = arcsin (Z) arcsm(. () } MIALl
V16 =12 4 Al: Correct integration
4
{arcsin (%ﬂ =arcsin1— arcsin% Correct use of correct limits dM1
2
== Al
3
By substitution 3:
Correct completion of the square.
) s Allow e.g.
15+2x—x* =16 —(x—1) 15+2x—x2=—[(1—x)2—16} Bl
Allow 4 for 16
x—1=4cosl9z>j ! 2dx:I ! 2—4sin0d9
J16—(x-1) J16—(4cos0)
MI1: A full substitution leading to
= J—d@ =-0 k@ or kxtheir variable MI1ALl
Al: Correct integration
[—6’]2 =0 +§ Correct use of correct limits dM1
T
=— Al
3
3
(i)(a) Scoshx—4sinhx =5 e +e ) 4 ¢’ —e” Substitutes correct exponential B1
2 forms
e 49" et 9" Expands and collects terms in
=——— or —+ X “x Ml
2 2 2 e" and e
e’ +9 . .
== * Correct completion with no errors | A1*
o

More working may be shown but allow e.g.

e +9e

X —X

_e2X+9 e’ 9¢" _e2x+9

2

or —
2¢e”* 2 2 2¢e”*

(€))




(b) Correct derivative. Allow equivalents
X du X
Uu=¢ —> —==¢ dx 1 x Bl
dx eg —=—, du=e'dx
du u
Complete substitution intoJ- = “ 5 dx . Condone
e +
2e’ dx = 2u  du omission of “du” provided the substitution is M1
e +9 wW’+9 u otherwise complete apart from this.
May be implied by e.g. J. 5 du
u +9
2 u karctan(f(u)) only. Dependent on
= Zarctan| — |(+ :
3 are an[ 3 j( C) the first method mark. dM1
2 e’ .
= Earctan 3 (+c) Cao (+c not required) Al
(C))
| Total 12




Question
Number

Scheme

Notes

Marks

5

2 2
S A P(4se
16 9

c0,3tan @)

(@

dy 3sec’ @ 3
E_4sec¢9tan9(_4sin9]

or
d_y:8sec€>< 9
6tan @

2_x_2_yd_y:0:>
16 9 dx dx 16
or

1 1

2 9 2 )
P [E. VD (A AR
16 dx 2116 8

M1: Correct gradient method.

Finds P psec’ 6 and
dé

ﬂ =gsecHtand and uses
do

d_y = d_y x % or differentiates
dx dx

implicitly to give px+ qy% =0and

substitutes for y and x to find %

or differentiates explicitly to give

dy 2\ .
— = px(gx~ —1) ? and substitutes
dx (q )

for x

Al: Correct derivative in terms of
trig. functions, e.g.

3sec’ @ 85606?>< 9

4secOtand’ 16  6tand
Does not need to be simplified.

MI Al

4sin 0

Normal gradient —

Correct perpendicular gradient rule.
Does not need to be simplified.

Ml

y—3tan0=—4sm6

(x—4sect)

Correct straight line method using a
gradient (does not need to be
simplified) in terms of @ that has
come from calculus and is not the
tangent gradient. If they use y = mx +
¢ then they must reach as far as
finding c.

Ml

3y+4xsin@ =25tan 6*

Correct proof with no errors and one
intermediate step from the previous
line. Allow 25tan =3y +4xsiné

Al*

(6]




(b)

M1: Use of the correct eccentricity

b =a’ (62—1):>9:16(e2—1):>e:é formula to obtain a value for e MI1Al
4 Al: Correct value for e. Ignore +
_a 4 a
X = - X=-_-or 7 ete. Correct value for — Ignore + Al
4 e
Substitutes @ = into the given
7 16 4
0= R X = 5 =3y+22x—=25 normal equation and uses their M1
positive directrix equation to obtain
an equation in y or in y and e only.
s 1 B1: azéoeor bz—%oe B1BI
== 25 D (A marks
3B B1: a:?oeand b=—Eoe on EPEN)

Special Case: If the correct form of the answer is never seen but it appears correctly

as a single fraction, allow B1BO e.g. y

125-3242
15

(6)

Total 1

1




Question Scheme Notes Marks
Number
6(a) p 2 0 2 2
2 6 2ll-2l=al=2 This statement.is sqfﬁcient for this
mark. May be implied by one correct
0 -2 ¢)U1 equation e.g.
or 2p+4=21, M1
p=4 2 0 2) (0 —4-12-2=-21,
-2 6-4 -2 ||-2|=|0 41q=1
0 -2 g-1)L 1 0
M1: Compares y-components to obtain
a value for A. Note that
—4—12-2 =-2Aleading to a value for
4-12-2=-2A=1=9 A scores both method marks. If working | M1A1
is not clear, at least 2 terms of
"—4—12—2"should be correct.
Al: Correct eigenvalue
(©)]
(b) M1: Uses their eigenvalue to form an
A=9=2p+4=18=p=7 equation in p or g MIAIAL
A=9=4+9g=9=>¢g=5 Al: Eitherp=T7org=5
Al:Bothp=7andg=>5
(©)]
(© 7 -2 0)\(x x Tx—2y=06x
2 6 2|ly|=6ly| = —-2x+6y-2z=6y M1
0 -2 5)\z z —-2y+5z=06z
Uses the eigenvalue 6 and their value of p or g correctly to obtain at least 2
equations.
2 1
1 |oreg| L This vector or any multiple of this Al
5 . vector.

Note that an eigenvector can be found from the cross product of any 2 rows of
i j k| (4
M-6leg. |-2 0 -2|=|-2
0 -2 -1 4

2)




(d)

- Correct ft P. This should be a matrix of eigenvectors two
2 2 1 of which are given in the question together with their
P=|-2 "I" 2 eigenvector found from part (c). If an attempt is made to Blft
1 "-2" 2 normalise the eigenvectors then allow the ft if slips are
made when normalising.
""" 0 0 Forms the matrix D by writing the eigenvalues 6, 3 and
D=l 0 6 o0 their A on the leading diagonal and zeros elsewhere or M1
0 0 3 attempts to calculate P"MP to obtain a single 3 by 3
matrix. Consistency not needed for this mark.
2 21 90 0 2 2 1 81 0 0
P=;—2 1 2|,D=|0 6 O or ([ P={-2 -1 2,D={0 54 O Al
1 2 2 0 0 3 1 2 2 0 0 27

Fully correct and consistent matrices

Note that the answers to part (d) may be implied e.g.
2 =2 17 -2 0 2 -2 1 81 O 0

D=P'MP=|-2 -1 2||-2 6 =2||-2 -1 2|=|0 54 0
1 2 2/lo =2 5)l1 2 2 0 0 27

Would score all 3 marks by implication.

(©))

Total 11




Question
Number

Scheme Notes

Marks

7(a)

sinnx  sin(n—2)x  sinnx—sin nxcos 2x + cos nxsin 2x

sin x sin x sin x

Expands sin (n —2)x correctly

Ml

. . . 2 .
sin nx — sin nx(l—Zsm x)+2s1nxcosxcos nx

sin x
Replaces cos2x and sin 2x by the correct trigonometric identities

Ml

= 2sin nxsin x + 2 COS nX COS X

=2cos(n—1)x

Correct completion with no
errors. The I, -1, , does not

need to be seen explicitly but

(1,-1,,)= J.2cos(n—1)xdx*
IZcos(n —1)x dx must seen,

including the integral sign.

Al*

3)

(a) Way 2 (factor formula)

nx+nx—-2x)\) . (nx—nx+2x
. ) 2¢co8| ———— |sin| ————
sinnx sin(n-2)x 2 2

sin x sin x sin x

Use of the correct factor formula

Ml

B 2 cos(nx —x)sin x

Attempts to replaces nx + nx —2x with 2nx —2x
sin x and attempts to replace nx—nx+2x with 2x

Ml

=2cos(n—1)x

Correct completion with no errors.
The I, -1, ,does not need to be seen

I -1 =12 -1 *
(4 =1,2) _[ cos(n—1)xdx explicitly but J2c0s(n—1)xdxmust

seen, including the integral sign.

Al*

(a) Way 3

n sin x sinnx=sin((n—1)x+x)

; ZJ'sin((n—l)x+x)dx Uses

Ml

_J'sin(n—1)xc0sx+sinxcos(n—1)x

dx Expands sin((n—l)x+x)

sin x correctly

Ml

_J‘sinnx+sin(n—2)x

sin x

dx+jc0s(n—1)xdx

=%In 4—%1}12 +Icos(n—1)xdx

Correct completion with no
errors.

n

R A =IZcos(n—1)xdx*

Al*




(a) Way 4

sinnx sin((n —-2)x+ 2x)

: : Uses sin nx =sin ((n—2)x+2x) | Ml
sin x sin x
sin(n—2)x(1—25in2 x)+25inxcosxcos(n—2)x
- sin x M1
Replaces cos2x and sin 2x by the correct trigonometric identities
i -2
=W—))C—Zsinxsin(n—2)x+2008xcos(n—2)x
sin x
sin(n—2)x
=———+72 -2)x+
- cos((n )x x)
I,=1, +2jcos(n —1)xdx
N J.ZCOS(n —1)xdx* Correct completion with no errors. Al*
(a) Way S
sin nx = sin ((n —-1)x+ x) and sin(n—2)x= sin((n —l)x—x) Ml
sinnx  sin(n—2)x sin(n—1)xcosx+cos(n—l)xsinx—(sin(n—l)xcosx—sinxcos(n—l)x)
sinx  sinx - sin x
Replaces sin((n—l)x+x) with sin(n—l)xcosx+cos(n—l)xsinxand Ml
Replaces sin((n—1)x—x) with sin(n—1)xcosx—cos(n—1)xsinx
sinnx sin(n—-2)x  2sinxcos(n—1)x
sin x sin x - sin x
Correct completion with no errors. The
I —1 ,does not need to be seen
(.'.[n—ln2)=J2cos(n—1)xdx* Al

explicitly but JA 2cos(n—1)xdx must

seen, including the integral sign.




(b)

cosdxdx = ksindx

cosdx integrated to +ksindx

or or M1
¥ . cos2x integrated to +ksin2x
cos2xdx = ksin2x
1 .
2'[ cos4xdx=—sindx
2 Both 2cos4x and 2cos2x integrated
and correctly with the correct (possibly un- | Al
) simplified) coefficients
2| cos2xdx =sin2x
One application of reduction formula.
* Sy Isin ( 4 x) This may appear in any form anfi there
5 dx = + 1, does not need to be any integration
J sinx 4
or e.g. I :j 2cos4xdx+ I, or M1
. Si.n3x :2Sin(2x)+ll
J Six 2 e.g. 13:j 2cos2xdx + I,
Two applications of reduction formula.
This may appear in any form and there
does not need to be any integration
eg I;=| 2cosdxdx+1,
" si 2sin (4 *
s1‘nSxdx: ( x)+l3 and
J sinx 4 o
and eg. I,=| 2cos2xdx+1 Ml
[ sin3x . 2sin(2x) .
- - ) +1 sin3x
J Smmx Note that ——dx may be
sin x
attempted using trig. Identities and
can score full marks as long as use of
the reduction formula is seen at least
once.
I, = % (Could be implied by their final answer) | B1
2sin(4x) 2sin(2x) 3 3 B3 B3 Correct use of the given .limits at
4 + > = 4 + S 45 least once on an expression of the | M1
£ form +ksindx or +ksin2x
“sin5x 1
; dx=—(7T+6\/§—6) cao Al
5 sinx 12
()
2sin(4x) s 2sin(2x)

Note that correct work leading to {

5 + x} or equivalent could

score the first 4 marks

Total 10




Question
Number

Scheme Notes Marks

8

(@

M1: Attempt cross product between
direction vectors or any 2 vectors in
the plane. If working is not shown

3= 5 or is unclear, 2 elements shou}d be MIAL
correct for their vectors for this

mark.

A1l: Correct vector

1 7 1
5 |(=7-25+18) Attempts | —5 |e their vector product M1
-2 -9 -2

Correctly obtains = 0 and gives a

. Al
conclusion.

=7-25+18=0.. perpendicular

Note:

.. perpendicular scores M1AO here.

-9

1 7

However | =5 (o] 5
-2

=7-25+18=0 ..perpendicularscores M1A1

7
If| 5
-9

is incorrect then e| b |=a—5b—-2cneeds to be seen to score the M mark

(C))

(b)

M1: Uses i+2j+k and their vector
product to find the cartesian equation
of //,.You may need to check their
“8” if no working is shown but it
must be clear that i +2j+Kk (or a
point on the plane) is being used.

Al: Correct equation (any multiple
or equivalent equation)

7 1
5 |02 |=8=7x+5y—-9z=8
-9) 1

MIA1

Note that part (b) is possible without part (a): e.g.
x=1+A+2u, y=2+44A-pu, z=14+31+u

.=>y+z=34+74 and x+2y=5+9/1:>9(y+z)—7(x+2y)=—8
S Ix+5y—-9z=8
Score as M1: Full method leading to a Cartesian equation, Al: Correct equation

| P




(©)

i i Kk -55 M1: Attempt cross product of normal
7 5 _9|= 5 vectors. MIA1
1 =5 =2/ | =40 Al: k(11i—j+8Kk)
x=0:(0,-1,-1), y=0:(-4,0,-%), z=0:(%, -5, 0) MIAL
Note that points on the line satisfy (11¢, —£—¢, —1+8¢)
M1: Attempt point on the line (x, y and z). Al: Correct coordinates
ddM1: (r — their point) X their
direction “= 0” not required for this
mark. Dependent on both previous | ddM1A1

(r—(—%j—k))x(lli—j+8k)20

method marks.

Al: Correct equation (oe)

()

12 marks




Alternatives for part (c) by simultaneous equations

Case 1: Eliminates y then obtains f(x) =g(y) =z

x=5y-2z=3, Tx+5y-9z=8 = 8x—-11z=11

. 8x—11’ _ 11+11z - ll+112—5y—22=3:>z= —40y-13
11 8 8
8x—11 —-40y-13 MI1: Obtains f(x) = =
X _ y . ains f(x) fg(y) z MIAL
11 5 Al: Correct expressions
M1: Correct processing on at least one
x—% _Y +a _ z(-0) expression (not z) to enable MIAL
u —1 (1) identification of position and direction.
Al: Correct equations
ddM1: (r — their point) X their
11 13 111 direction “= 0” not required for this
r—(—i—j)x(—=i——j+k)=0 mark. Dependent on both previous | ddM1A1
8 40 8 8 method marks.
Al: Correct equation (oe)
Case 2: Eliminates x then obtains f(x) =y = g(2)
x—=5y-2z=3, Tx+5y-9z=8 =40y +5z=-13
= —13—52’22 -13-40y o x—Sy+2 13+40yj S ye —5x-11
40 5 55
—5x-11 -13-5 MI1: Obtains f(x)=y=
T ay=—— = ains flx) =y = g(z) MIA1
55 40 Al: Correct expressions
M1: Correct processing on at least one
x+4 y(—O) z+4 expression (not y) to enable identification
11 - (1) T8 of position and direction. MIAI
Al: Correct equations
ddM1: (r — their point) X their
11 13 direction “= 0” not required for this
(r—(——i——Kk))x(-11li+j—8k)=0 | mark. Dependent on both previous | ddM1A1
5 5 method marks.
Al: Correct equation (oe)
Case 3: Eliminates z then obtains x = f(y) = g(z)
x=5y—-2z=3,7x+5y-9z=8 = 5x+55y=-11
=55y —-11 —11- 11 11z+11
xX= 25y , V= 5x:>x+5( +5x]—2x=3:>x= £t
5 55
-55y— : I = =
o y—11 _ 11z+11 M1: Obtains x f@) 2(z) .
5 8 A1l: Correct expressions
M1: Correct processing on at least one
x(—O) y+i z+1 expression (not z) to enable
(1) =T 1 T s identification of position and direction. | M1Al
11 11
Al: Correct equations
ddM1: (r — their point) X their
1 1 8 direction “= 0” not required for this
(r— (—gj -K)x(i——j +ﬁk) =0 mark. Dependent on both previous | ddM1A1

11

method marks.

Al: Correct equation (oe)




Alternatives for part (c) by parameters

Case 1: Eliminates x

x=5y-2z=3, Tx+5y-9z=8 = 8x—-11z=11

8 1 1
X=t=>z=-l4+—t,y=
11 5 11

M1: Obtains x, y and z in terms of
A

Al: Correct expressions

MIA1

Pos:—lj—k Dir:i—ij+§k
5 117 11

M1: Uses their equations to obtain
position and direction

Al: Correct position and direction

MIA1

(= (i k)= k) =0

ddM1: (r — their point) X their
direction “= 0" not required for this
mark. Dependent on both previous
method marks.

Al: Correct equation (oe)

ddM1A1l

Case 2: Eliminates y

x=5y—-2z=3, 7x+5y-9z

=8 = 40y +15z=—13

13 1
St z=—— o8, y=———1li
Y s M

M1: Obtains x, y and z in terms of
A

Al: Correct expressions

MIA1

Pos:—ﬂi—gk Dir: —Ei—l-j—Sk
5 5 5

M1: Uses their equations to obtain
position and direction

Al: Correct position and direction

MIA1

(r—(—%i—?k))x(—l li+j-8k)=0

ddM1: (r — their point) X their
direction “= 0" not required for this
mark. Dependent on both previous
method marks.

Al: Correct equation (oe)

ddM1A1l

Case 3: Eliminates 7

x—=5y-2z=3, Tx+5y-9z=8 = 8x—-11z=11

11 11 13 1
z=t=>x=—+—1, y=—""7"——1
8 8

M1: Obtains x, y and z in terms of
A

Al: Correct expressions

MIA1

Pos:ﬂi—gj Dir: Ei—ljJrk
8 40 8 8

M1: Uses their equations to obtain
position and direction

Al: Correct position and direction

MIA1

11, 13 11, 1
r—(—i—j))x(—=i——j+k)=0
( (81 401)) (81 g )

ddM1: (r — their point) X their
direction “= 0 not required for this
mark. Dependent on both previous
method marks.

Al: Correct equation (oe)

ddM1Al




Alternative for part (c) by finding 2 points on the line

x=0:(0,-1,-1), y=0:(-4,0,

_%)’ ZZO:(I_gla - 0)

40

M1: Attempts two points on the line MIA1
Al: Two correct coordinates
Dir: M1: Subtracts to obtain direction
1, 11, 13 11. 1. 8
—gj -k —(—?1 —?k] = ?l —§J+gk Al: Correct direction MIAl
ddM1: (r — their point) X their
1 11 1. 8 direction “= 0” not required for this
(r— (—g j—Kk))x (?1 —g '+gk) =0 mark. Dependent on both previous | ddM1A1

method marks.

A1l: Correct equation (oe)




